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Interpolation technology is the core technology of numerical control tech-
nology, and the requirements for curve processing in numerical control 

machine tools are getting higher and higher. According to the current 

development of numerical control machining, the optimization of the 

interpolation technology for arcs is proposed,[1] and the improvement 

is proposed in the original feeding mode which not only improves the 

calculation speed of the interpolation, but also improves the processing 

ef�ciency. In addition, the improved algorithm can reduce the machining 

error so that the error can be reduced to within the range of 0.5 pulses 

equivalent.
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1. Introduction

A
t present, computer technology is developing 

rapidly. Some complicated surface parts can be 

easily realized by software. The numerical con-

trol machine cannot easily realize complicated curve or 

track processing, most machines use a small straight line 

segment to force the contour. The smaller the length of 

the line segment, the closer the feeding path of the tool 

is to the contour of the part, but it also generates a lot of 

data. Under normal conditions, the machining accuracy 

of the machine tool is doubled, and the amount of data 

generated is several times the accuracy. Conversely, in 

order to reduce the amount of data, of course, it will fa-

cilitate transfer and storage, which will result in reduced 

processing contour accuracy.[2,3] In response to the above 

problems, some numerical control systems want to obtain 

a stable feed rate and perform pre-processing. However, 

on the common economical numerical control machine, 

the point-by-point comparison algorithm is used to ap-

proximate the line, which may result in a pulse error. An 

improved scheme for the point-by-point comparison algo-

rithm can reduce the error to within 0.5 pulses,[4] so it is 

also called the half-step deviation method.

2. The Basic Principle of Half-step Deviation 
Method

The half-step deviation method is optimized for the 

feed-by-point comparison method. The point-by-point 
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comparison method divides the plane coordinate system 

into 4 quadrants and moves to the X-axis or Y-axis in the 

quadrant.[5] As shown in Figure 1 below, the current inter-

polation point is point P. According to the point-by-point 

comparison method, the next step is to feed the Y-axis 

to the point E. The minimum value of this point and the 

line is L3. If the X-axis and the Y-axis are fed one step at 

a time, the point C is reached, and the minimum value 

of the point C and the straight line is L2, L2 < L3; if the 

current X-axis and Y-axis are set to feed simultaneously 

(also called diagonal feed), a smaller deviation will be ob-

tained,[6,7] the distance between BC in the �gure is 1 pulse, 

BD + CD = 1, in addition, BD > L1, CD > L2; if BD ≥ 0.5, 

it is known that CD ≤ 0.5, because CD > L2, it is known 

that L2 < 0.5; if the next interpolation is performed from 

the current interpolation point P to reach point C, the error 

is controlled within the range of 0.5 pulses.

Figure 1. Feeding comparison of interpolation points

3. The Definition of the Deviation Value in 
Half-step Deviation Method

According to the above inferences, the plane is divided 

into 8 regions without considering the direction, and used 

to compare the coordinates of the interpolation end point 

coordinates, as shown in Figure 2 below.

Figure 2. Division of linear interpolation regions by half-
step deviation method

The regulations are as shown in Table 1 below:

Table 1

Serial Num-
ber

Conditions The Direction of Feed

1 e eX Y≥
Feed towards the one with smaller deviation 

between the diagonal direction and the X 
direction.

2 e eX Y<
Feed towards the one with smaller deviation 

between the diagonal direction and the Y 
direction.

The half-step deviation method calculates the one with 

the smaller deviation between X/Y and the diagonal direc-

tion before feeding. As the feed direction, for example, 

there is a point P (Xi,Yi), and the deviation is calculated as 

follows:

ii e i i eF X Y X Y= −  (1)

,e eX Y is the value of the endpoint coordinate.
Starting at point P, if take a step towards X, the new 

deviation is:

1, 1i i e i i eF X Y X Y+ = − +  (2)

If take a step towards Y, the new deviation is:

, 1 1i i e i i eF X Y X Y+ = + −  (3)

If take a step towards X/Y, the new deviation is:

1, 1 ( 1) ( 1)i i e i i eF X Y X Y+ + = + − +  (4)

For the sake of explanation, here is an example of 

straight line analysis.

Figure 3 is a schematic diagram of the half-step de-

viation feed. If there is a straight line starting from the 

starting point, the end point is (Xe,Ye), and the straight line 

equation y=kx(0 < k <1) is in the Region 1. Since Xe > Ye, 

the feed mode is ( x) or ( x, y).

Figure 3. Schematic diagram of the half-step deviation 
method

The current point is P (Xi,Yi), then there are two pos-
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sibilities for the next move. One is to go one step to the 

X-axis, to reach B (Xi+1,Yi), and the other is to take the 

X-axis and Y-axis one step at the same time and reach C 

(Xi+1,Yi+1). According to the �rst scheme, the distance be-

tween the position of the arrival point after interpolation 

and the straight line is L1. If the interpolation is performed 

according to the second scheme, the distance between the 

position of the point reached after the difference compen-

sation and the straight line is L2.

As can be seen from Figure 3 above, BED is similar 

to CFD.

BE/CF=BD/CD

If BD > Y, it can be obtained that L1 > L2, and vice ver-

sa. The point at which is located after the interpolation is 

related to the linear distance and the deviation function. 

Figure 3 is simpli�ed below to obtain Figure 4.

Figure 4. The deviation of the machining points

According to the value of Fii, the distance between 

point B (Xi,Yi) and the straight line is obtained, as shown 

in Figure 4:

OFC BDE, BE/OC=BD/OF, and then, it is 

known that BE =BD/OF×OC. Let L be the shortest 

distance from point B to the line, the deviation of B (Xi,Yi) 

is:

Fb=XeYi - XiYe

    =Xe [(Yi + BD) - BD]- XiYe

    =XeYD - XNYE - XeBD

    =-XeBD

    =-OC×BD

L= |FB/OF| = |FB|/OF (5)

Where FB=Fii

The deviation value of the L machining point B 

from the target straight line is referred to as the deviation.

It can be concluded that, Interpolated from the cur-

rent point to the next target point (see B, C in Figure 3), 

The distance between the two target points (B, C) to the 

straight line (BE, CF) and the BC are linearly divided into 

two parts (BD, CD) in a proportional relationship (CF/BE 

= CD/BD). (That is to say, in addition to directly compar-

ing the size of |BE| and |CF|, the size of |BD| and |CD| can 

also be compared.)

From the de�nition of the half-step deviation method, 

if the interpolation algorithm of the half-step deviation 

method needs to compare the size of the distance line af-

ter the two feeds in the �rst region, the selection distance 

is small as the direction. In combination with the above 

analysis, the following equations (3) and (4) are com-

pared, and the deviation function |Fii - Ye| after one pulse is 

emitted in the X-axis direction is compared with the devi-

ation function |Fii +Xe - Ye| after one pulse is simultaneous-

ly emitted to the X-axis and Y-axis.

Set: f = |Fii +Xe - Ye| - |Fii - Ye|

If f > 0, the pulse is simultaneously sent to the X-axis 

and Y-axis;

If f ≤ 0, the pulse is sent to the X-axis direction.

3.1 Mathematical Analysis of Half-step Deviation 
Method

3.1.1 The Circular Feed Rules of Half-step Devia-
tion Method

The interpolation of the arc is more complicated, not 

only the quadrant problem of the starting point and the 

end point of the arc, but also the difference between the 

clockwise arc and the counterclockwise arc. The half-step 

deviation method circular interpolation is also evolved on 

the basis of point-by-point comparison method. As shown 

in Figure 5, the current interpolation point is P. According 

to the theory of point-by-point comparison method, it can 

be known:

2 2 2

i iR X Y= +

If the point P falls on the arc, the following formula 

holds:

2 2 2
i iX Y R+ =

If the point P falls outside the arc, the following formu-

la holds:

2 2 2
i iX Y R+ >

If the point P falls inside the arc, the following formula 

holds:

2 2 2
i iX Y R+ <
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In the point-by-point  comparison method, let 

 be the deviation discriminant Fii. 
When Fii ≥ 0, the machining point falls on the arc or 

outside the arc, and one pulse equivalent is fed to -X at 

this time;

When Fii < 0, the machining point falls within the arc 

and a pulse equivalent is fed to +Y. Based on the point-

by-point comparison method, the following inferences are 

made:

Let point P be in the �rst quadrant and the central angle 

is less than 45°, point P is outside the arc. The next step 

is to feed the -X direction and reach point C. If let it move 

(-X, Y) two axes at the same time, reach point B. Let point 

P coordinate be interpolation coordinate P (Xi,Yi), point 

B coordinate be B (Xi-1,Yi+1), point C coordinate be C (Xi-

1,Yi), CD + BD =1, B, and the distance between B and C 

is 1 pulse equivalent. As can be seen from the �gure, the 

distance from point C to arc is L1, and the distance from 

point B to arc is L2. The half-step deviation circular inter-

polation is similar to the half-step deviation linear inter-

polation. It is necessary to compare the sizes of L1 and L2 

and select the direction with small deviation.

Figure 5. The counterclockwise arc in the �rst quadrant

According to the point-by-point comparison method 

region division rule, the half-step deviation circular in-

terpolation divides the plane rectangular coordinate into 

8 regions, and the feeding of each region is as shown in 

Figure 6. In the �gure, the big circle is a counterclockwise 

circular interpolation of the feed route of each region, and 

the small circle is a clockwise circular interpolation route.

Figure 6. The coordinate feed directions of clockwise and 
counterclockwise arcs in plane coordinate system

In order to ensure the error of  half-step deviation 

method, the direction of feed is determined according to 

the following principles:

(1) When X ≥ Y, one pulse is taken in the positive di-

rection of Y, or one step is taken in the positive direction 

of -X and +Y.

(2) When X < Y, one pulse is taken in the positive di-

rection of X, or one step is taken in the negative direction 

of -X and +Y.

3.2 The Feed Discriminant of Half-Step Deviation 
Method

3.2.1 Point-By-Point Comparison Method Inter-
polation Feed Discriminant and Calculation For-
mula

In the whole point-by-point comparison method, the ad-

dition and subtraction operations and multiplication oper-

ations are needed, which directly affects the entire opera-

tion speed, if the whole hardware device is added for the 

dedicated control machine, most of them use its simpli�ed 

algorithm, called iterative method, and some are called 

recursive method.

(1) If the �rst quadrant map is taken as an example, if 

the deviation value Fii ≥ 0, one pulse is sent to the positive 

direction of the X-axis, and the tool is fed one step for-

ward from the current point (Xi,Yi) to the X-axis to reach 

the new point (Xi+1,Yi), Xi+1= Xi+1, Thus, the deviation 

function value of the new machining point is:

1, 1

1

i i e i i e

e i i e

ii e

F X Y X Y

X Y X Y

F Y

+ += −

= − +

= −

 (6)
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If the deviation function Fii < 0, one feed pulse is sent 

to the positive direction of the Y-axis, and the tool feeds 

one step from the current machining point (Xi,Yi) to the Y 

direction to reach the point (Xi,Yi+1), where Yi+1= Yi+1, the 

deviation function value of the point is

, 1 1i i e i i eF X Y X Y+ = + −

 
ii eF X= +  (7)

3.2.2 Half-step Deviation Method Interpolation 
Feed Discriminant and Calculation Formula

According to the principle of point-by-point comparison 

method, in order to reduce the in�uence of the algorithm 

on the operation speed, the half-step deviation arc differ-

ence complement algorithm also refers to the recursion 

method. According to the formula, it can be known that:

(1) When machining from the starting point of the arc, 

F0 = 0, so use the formula:

0 02 2

2

e e

e e

f F X Y

X Y

= + −

= −
 (8)

Substituting the value of the actual interpolation arc 

target, the speci�c f0 value is used to determine the feed 

direction, and its new deviation calculation is determined 

by the following methods.

(2) If fii ≥ 0, the feed X direction is required, and the 

comparison deviation value of the next point is:

1, 1,2 2

2 2

2 2

2

ii

i i i i e e

ii e e e

e e

ii e

f F X Y

F Y X Y

F X Y

f Y

+ += + −

= − + −

= + −

= −

 (9)

If fii < 0, x and y are fed, then the next deviation 

is:

1, 1 1, 12 2

2 2

2 2

i i i i e e

ii e e e e

ii e e

f F X Y

F X Y X Y

f X Y

+ + + += + −

= + − + −

= + −

 (10)

According to the above derivation process, a similar 

formula can be derived when Xe < Ye or the end point coor-

dinates are in other regions. This directly uses the deviation 

of the previous step to calculate, which simpli�es the calcu-

lation formula and improves the calculation ef�ciency.

4. The Advantages of Half-step Deviation 
Method

4.1 Circular Interpolation Based on Half-step De-
viation Method

A circle with a radius of 10 is processed separately below, 

and the interpolation results are shown in Figures 7 and 8 

below.

Figure 7. Circular Interpolation Based on Point-by-Point 
Comparison Method

Figure 8.Circular Interpolation Based on Half-step Devia-
tion Method

The interpolation principle of the point-by-point com-

parison method arc in Figure 7 is as follows: in the �rst 

quadrant, starting from the starting point of the arc, coun-

terclockwise interpolation, when the discriminant is less 

than or equal to 0, go +Y, if it is bigger than 0, go to -X, 

and the other three quadrants and so on. and the entire in-
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terpolation route of  Fig. 7 can be obtained.

The principle of circular interpolation of the half-step 

deviation method in Figure 8 is as follows: in the first 

quadrant, the starting point of the arc starts and counter-

clockwise interpolation. Before each interpolation, it is 

necessary to calculate which of the next two target points 

is closer to the arc (the distance from the arc is the small-

est). After that, the corresponding pulse is sent, and then 

according to the region where the current point is located, 

the corresponding interpolation point is selected [in the 

�rst region is (-X, (-X, -Y)], for comparison, by analogy, 

the second region is selected [-Y, (+X, -Y)], and the entire 

interpolation route of Fig. 8 can be obtained according to 

the inverse circular interpolation shown in Figure 6.

The derivation process has been elaborated above, and 

the following conclusions can be seen as follows:

(1) After the interpolation by the half-step deviation 

method, the small circle R9.85 and the large circle R10.44, 

that is, the deviation contour at the time of interpolation, 

and the small circle by point-by-point comparison are 

R9.06 and the large circle R10.77. It is obvious that the 

accuracy of the half-step deviation method interpolation is 

high, and the error is within 0.5. According to the discrim-

inating method given above, the interpolation path of the 

full circle can be derived.

(2) In the point-by-point interpolation comparison 

method in Figure 8, the whole circle with a processing ra-

dius of 10 needs to be calculated 80 times; while the half-

step deviation method only needs to calculate 64 times to 

complete a full circle interpolation, which increases the 

ef�ciency by 20%.[8]

5. Conclusion

The point-by-point comparison method and the half-step 

deviation method are compared with the basic principle, 

the feed calculation rule, the feed discriminant, etc. The 

optimized half-step deviation method does not exceed 0.5 

pulse equivalents in the interpolation arc error, which is 

reduced by half compared with the point-by-point com-

parison method. The half-step deviation method is less 

than the point-by-point comparison method, and the occu-

pied storage space is small, and the multi-axis linkage and 

the number of interpolation steps can be reduced.
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